JÜRGEN HAUSEN
Abstract. We provide a Hilbert-Mumford Criterion for the action of a reductive group G on a Q-factorial algebraic variety X, partially proving a conjecture stated by A. Bia lynicki-Birula. The result allows to construct G-invariant open subsets of X admitting a good quotient by G from certain open subsets admitting a good quotient by a maximal torus T of G. As an application, we indicate an explicit method to construct all G-invariant open subsets admitting a good quotient for a given G-action on a complete Q-factorial toric variety X.
Statement of the results
Let the reductive group G act on a normal variety X over an algebraically closed field K. It is a central task of Geometric Invariant Theory to construct all open G-invariant subsets V ⊂ X admitting a good quotient, that means an affine Ginvariant morphism V → V / /G onto an algebraic space such that locally, in thé etale topology, V / /G is the spectrum of the invariant functions, see [1, Chapter 7] .
The problem splits into two parts: The first one is to find the open subsets U ⊂ X admitting a good quotient by a maximal torus T ⊂ G. For the combinatorial aspects of this step, see [1, Chapter 11] . The second part is to construct the open subsets admitting a good quotient by the action of G from the U ⊂ X found in part one. For this, one considers sets of the following form:
Then the question is, whether such a set W (U ) is open in X and admits a good quotient by the action of G; thereby it is reasonable to impose some maximality condition on the set U , compare [1, Chapter 12] .
If U is the set of T -semistable points of a G-linearised ample line bundle on a projective G-variety X, then the classical Hilbert-Mumford Criterion provides positive answer to the above question. Moreover, A. Bia lynicki-Birula and J.Świȩcicka give positive answer for open subsets U ⊂ X defined by generalised moment functions, see [2] , and in the case U = X, see [3] . For G = SL 2 , several results can be found in [4] , [5] and [12] .
In this note we provide a general statement, partially proving [1, Conjecture 12.1]. Following [14] , we say that a T -invariant open subset U ⊂ X is (T, k)-maximal, if it admits a good quotient U → U/ /T , any k points of the quotient space U/ /T admit a common affine neighbourhood in U/ /T , and U does not occur as a p ′ -saturated subset of some properly larger open U ′ ⊂ X having a good quotient p ′ : U ′ → U ′ / /T with the same property.
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As usual, we abbreviate "(T, 1)-maximal" by "T -maximal". Note that a Tmaximal open subset U ⊂ X is (T, 2)-maximal if and only if its quotient space U/ /T admits a closed embedding into a toric variety, see [15, Theorem A] . Our main result is the following:
Theorem. Let the connected reductive group G act on a Q-factorial variety X. Let T ⊂ G be a maximal torus, and let U ⊂ X be a (T, 2)-maximal open subset. Then W (U ) is open in X, and there is a good quotient W (U ) → W (U )/ /G.
In the case that X is a projective space, this statement is precisely the result obtained by A. Bia lynicki-Birula and J.Świȩcicka in [6, Theorem C]. Moreover, J.Świȩcicka obtained the statement for the case that X is smooth and complete with Pic(X) = Z, see [14, Corollary 6.3] .
As an application of our theorem, we can treat reductive group actions on toric varieties and thereby give an answer to [1, Problem 12.9] . Below, as usual, "Tmaximal" stands for "(T, 1)-maximal".
Corollary. Let the reductive group G act on a complete Q-factorial toric variety X, and let T ⊂ G be a maximal torus. Then we have:
Together with well known fan-theoretical descriptions of the collection of Tmaximal open subsets, see for example [13] , these statements give an explicit solution of the quotient problem for actions of reductive groups G on Q-factorial toric varieties.
Proof of the results
The proof of the main result is done by reducing the problem to the case that X is a projective space with a linear G-action. We shall make use of techniques and arguments presented in [10] and [11] .
Proof of the Theorem. Let p : U → U/ /T denote the quotient map. By assumption, we can cover the quotient space U/ /T by affine open subsets Y 1 , . . . , Y r such that any pair y, y ′ ∈ U/ /T is contained in some common
Let Λ ⊂ CDiv(X) be the subgroup generated by the divisors D i . Enlarging Λ by adding finitely many generators, we may assume that every x ∈ X admits an affine neighbourhood X \ Supp(D) for some effective D ∈ Λ. The group Λ gives rise to a graded O X -algebra:
Replacing Λ with a suitable subgroup of finite index, we achieve by G-linearization that the Λ-graded O X -algebra is a G-sheaf, see [11, Proposition 3.5] . In this process, we have to replace the sections f i with suitable powers.
Let X := Spec(A), and let q : X → X be the canonical map. Note that X is quasiaffine and that q is a geometric quotient for the action of the algebraic torus H := Spec(K[Λ]) on X defined by the grading of A. The G-sheaf structure of A gives rise to a G-action on X commuting with the action of H and making q : X → X equivariant, compare [10, Section 2] Set for short G ′ := T ×H. Then G ′ is reductive with maximal torus T ′ := T ×H. Choose a normal G ′ -equivariant affine closure X of X such that the f i extend regularly to X and satisfy
Note that the functions f i ∈ O(X) are T ′ -homogeneous, because their zero sets are invariant under the action of the torus T ′ on the normal affine variety X. The next task is to choose a suitable G ′ -equivariant embedding X → K n . For this, complete the collection f 1 , . . . , f r by choosing further T ′ -homogeneous functions f r+1 , . . . , f s to a system f 1 , . . . , f s of T ′ -homogeneous generators of the algebra O(X).
Let M i ⊂ O(X) be the G ′ -module generated by G ′ ·f i , and fix a basis f i1 , . . . , f ini of M i , where
The pullbacks of the coordinate functions z i1 , . . . , z ini with respect to the dual basis f * i1 , . . . , f * ini are just the functions f i1 , . . . , f ini . Identifying N i with K ni , we can fit together the maps Φ i to a G ′ -equivariant closed embedding
In the sequel, we shall regard X as a G ′ -invariant closed subset of K n . Note that by construction the maximal torus T ′ of G ′ acts diagonally on K n , that means by a homomorphism T ′ → T n to the big torus T n := (K * ) n . The union V 0 of the sets V i := K n zi1 , where i = 1, . . . , r, is invariant under the big torus T n . Since X i equals X ∩ V i , we see that
n -invariant open subset with U = X ∩ V . We show that V admits a good quotient by the action of T ′ . By [11, Proposition 1.2], it suffices to verify that any two points z, z ′ ∈ V having closed T n -orbits in V admit a common T ′ -invariant affine open neighbourhood in V . Given such z, z ′ , choose t, t ′ ∈ T n and an index i such that t·z and t ′ ·z ′ lie in X i . Consider the good quotient o :
′ . This is a toric morphism of affine toric varieties. It separates the disjoint closed T ′ -invariant subsets X i and
Consequently, there exists a T ′ -invariant regular function on V i that vanishes along Z i but not in the points z and z ′ . Removing the zero set of this function from V i yields the desired common T ′ -invariant affine open neighbourhood of the points z and z ′ in V . This proves existence of a good quotient V → V / /T ′ . Adding a G ′ -invariant homogeneous coordinate z 0 , we may view the G ′ -equivariant ambient space K n as a G ′ -invariant affine standard chart of the projective space P n . We replace X with its closure in P n . This new setting enables us to apply results of [6] .
Let V ′ ⊂ P n be a T ′ -maximal open subset containing V as a saturated open subset with respect to the quotient map
is open in P n and admits a good quotient by the action of G ′ . Recall from [6, Lemma 8.4 ] that W (V ′ ) is saturated with respect to the quotient map
Then there is a good quotient v : X ′ → X ′ / /T ′ , and the set U ⊂ X ′ is saturated with respect to this map. Moreover, the set W (
is open in X, it is saturated with respect to the quotient map v : X ′ → X ′ / /T ′ , and by [7, Theorem B] , there is a good quotient
Consider the complement B := X ′ \ X. Then the intersection W (B) of the translates g · B, where g ∈ G ′ , is G ′ -invariant and closed in W (X ′ ). In order to finish the proof, it suffices to verify the equation
Namely, once this is verified, we obtain openness of W ( U ) in X and existence of a good quotient
Dividing by the torus e G × H of G ′ gives the desired statement in X for the set W (U ) = q(W ( U )).
In order to check equation (1), observe that the set V ′ is even (T ′ , 2)-maximal in P n , because the quotient space V ′ / /T ′ is a toric variety. Hence, by (T ′ , 2)-maximality of U in X, we can conclude
We check the inclusion "⊂" of equation (1) . Suppose that x ∈ W (X ′ ) is mapped to u(W (B)). Then, by the classical Hilbert-Mumford Lemma [8] , the closure of the orbit T ′′ ·x of some maximal torus
). By equation (2), the point x cannot belong to W ( U ). We turn to the inclusion "⊃" of equation (1) . For this, consider the complement A := ( X ∩ X ′ ) \ U . Then X ′ is the disjoint union of U , A and B. Consequently, we have
So we have to show that u maps any x ∈ W (X ′ ) lying in g·B ∪ g·A to u(W (B)). By equation (2) , the translate g −1 ·x of such a point lies in v −1 (v(B)). Thus the closure of T ′ ·g −1 ·x in X ′ intersects B. Since W (X ′ ) is saturated in X ′ , this implies that the closure of T ′ ·g −1 ·x intersects W (B) = W (X ′ ) ∩ B. Hence the closure of G ′ ·x intersects W (B), which in turn gives x ∈ u −1 (u(W (B))).
Proof of the Corollary. First recall that the automorphism group of X is a linear algebraic group having the big torus T X ⊂ X as a maximal torus, see for example [9, Section 4] . Consequently, we may assume that the maximal torus T ⊂ G acts on X by means of a homomorphism T → T X . The first statement follows from the fact that the quotient space U/ /T of a T -maximal open subset U ⊂ X is again a toric variety and hence U is even (T, 2)-maximal, see [13, Corollary 2.5] .
The second statement follows from the first one and the fact that any V ⊂ X admitting a good quotient V → V / /G also admits a good quotient V → V / /T , see for example [7, Corollary 6] .
